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As Gauss noted already, his Quadratic Reciprocity Law cannot be deduced 
from Legendre’s Theorem without the existence of primes in arithmetic pro- 
gressions. Here the deduction is made, with Dirichlet’s Theorem replaced by 
the more elementary result of Selberg, which states that every non-square is a 
quadratic residue to half the primes. 
1. INTRoDUCTL~N 
Legendre [4] investigated the solvability of the equation 
ax2 + by2 + cz2 = 0 (1.1) 
in integers (x, y, z) # (0, 0, 0), and he proved that if a, b, c are squarefree 
integers no two of which have a common factor, then there is a solution 
if and only if: 
(i) a, b, c do not all have the same sign, and 
(ii) -bc R a, -ca R b, and -ab R c; 
where u R v means that u is a quadratic residue mod v. Davenport and 
Marshall Hall [2] have given a short proof using the Geometry of Num- 
bers, while Cassels [l, pp. lOO-1021 used only Minkowski’s Theorem on 
lattice-points in convex bodies to give a version of Legendre’s Theorem 
in which condition (i) (solvability over the reals) is replaced by the condi- 
tion for 2-adic solvability: 
(i)’ if abc is odd then a, b, c are not mutually congruent mod 4; 
while if c, say, is even then one of a + b, a + b + c is divisible by 8. 
After giving his own proof in [3, Articles 294-2961, Gauss pointed out 
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the flaws in Legendre’s “proof” of the Quadratic Reciprocity Law as 
deduced from the above theorem: the existence of primes in certain 
arithmetic progressions is required. The same holds for deriving the 
reciprocity law from Cassels’ form, though the two forms together imply 
that (qI/q2) = -(q2/qI), where the qr are primes congruent to 3 mod 4. 
The purpose of this paper is to show how either of these two forms of 
Legendre’s Theorem can be made to imply the reciprocity law, with the 
help of a simple result of A. Selberg [5, (3.2)] and Euler’s result that 
(--l/P) = C-1) - (p l)i2. Selberg’s Lemma asserts that roughly half the 
primes up to x have (D/p) = 1, if D is a non-square. 
2. SELBERG'S LEMMA AND ITS CONSEQUENCES 
LEMMA. If D is a nonsquare integer, then 
c logp - 4 log x + w, 
PC3 P 
(2.1) 
(D/d,=1 
where p runs over prime values only. 
This is proved in [5] by estimating both log P and the exponent to 
which each prime occurs as a factor of P, where P = n 1 u2 - Dv2 I, 
the product taken over all integers u, v such that u2 < x/2 and 
v2 < x/2 I D 1, with (u, v) # (0,O). Using the classical result that 
CDs0 (logp)/p = log x + O(l), which could even be derived from 
Selberg’s proof on careful examination, we also have 
Now let 
(Dj&-1 
si = for i = 1, 3, 
pzimod4 
(2.2) 
and let xi+, si- denote the corresponding sums over p for which 
(D/p) = 1, - 1 resp. Using (-l/p) = ( -1)(+1)/2 and applying (2.1) and 
(2.2) to D, -D and -1, we find that all of 
Slf + s3+, %- + %, s,+ + s,-, Sl-- + s3+, s,+ + Sl, s,+ + sa- 
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equal 4 log x + O(l), hence all si* = i log x + O(1): 
c 
PC5 
+ = &log x + O(l), 
p-imod 
(D/z?)=r 
(2.3) 
for i = 1, 3 and E = f 1. Even this is not quite enough: let D, E be non- 
squares such that DE is a nonsquare, and apply (2.3) to each of D, E 
and DE, expressing each in two terms, such as: 
c= c + cm 
P@ 
p-imod 
(D/P)=E 
P<Z 
p-imod 
(D/~)=c.U?/v)=l 
PZX 
p&mod4 
(D/~)=s.(E/zd=-1 
For each i we obtain, as before, six equations in four unknowns, giving 
c 9 = &log x + O(1). (2.4) 
(D/P)=E, 
(E/P)=Q 
pgz,p=imod4 
Letting x tend to infinity, we see that there exist infinitely many primes 
p = i mod 4 for which (D/p) and (E/p) have any specified values from 
u, -11. 
3. DEDUCTION OF THE RECIPROCITY LAW 
The two forms of Legendre’s Theorem imply the following, where 
a, b, c denote odd squarefree integers, relatively prime in pairs: 
I (LEGENDRE). If a, b, c are not all of the same sign, but a = b = c 
mod 4, then -be N a or -ca N b or -ab N c. 
II (CASSELS). If a, b, c are positive but not all mutually congruent 
mod 4, then -bc N a or -ca N b or -ab N c. 
Notation. Above, u N m means that u = v2 mod m for no v. We 
denote primes rl mod 4 by p, p1 ,..., and primes r3 mod 4 by q, q1 ,... . 
We give full details for the passage from I to the reciprocity law, 
noting only the small changes needed for using II instead. Frequent use 
is made of (-l/p) = 1 and (-l/q) = -1. 
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Applying I to -1, qI , q2 and then to 1, p, -q gives: 
(q&J = -1 or (42/Q) = -1, 
and 
(P/d = 1 or (q/p) = -1. 
(3.1) 
(3.2) 
In each case, the full reciprocity law corresponds to the “or” being 
exclusive. The case 1, p1 , --P2q gives -pl NP, or -pl N q or p2q NP, : 
by $2 we can choose q so that (PI/q) = - 1, hence (q/PI) = -1, by (3.2), 
so we obtain: 
(PJP& = -1 or (PAP,) = 1. 
This, together with the same formula with p1 , pz interchanged, gives 
(PI/P,) = (Pa/P&. (3.3) 
To complete the p, q case we must rule out having (p/q) = 1 and 
(q/p) = -1: we shall assume there exists such a “bad” prime q and derive 
a contradiction. We first show that a bad q has (p/q) = 1 for all p. Apply I 
- to 1, PPl> --4P2 * so -PP~N~ or -pplNp2 or qp2Np or qp2Npl. 
Choosing p2 so that (p,/p,) = -1 = (p/p2), hence -ppl Rp, , and using 
(p/q) = 1, (q/p) = -1, we obtain p1 R q or q Rp, . However this and 
(3.2) imply that (pi/q) = 1, and p1 was any prime congruent to one 
mod 4. 
Let q be the least bad prime: then q >, 11, as (5/3) = -1 = (5/7). We 
claim that an integer n exists such that 
n = 3 mod4, 3<n<q, (n/q) = 1. 
This holds for q = 11 since (3/l 1) = 1, and for q > 12 we have 
(3tq - 12)/q) = -1, so one of (3/q), ((q - 12)/q) is 1, one is -1. If 
this n =pl ***prql ‘1. q8, then s is odd, all (pi/q) = 1, so some qr R q, 
say (ql/q) = 1. Note that ql < q. Take any pl ; choose p so that 
(q/p) = -1 = (PJp), and hence (p/q) = 1, since q is bad, and 
(P/P~) = -1. Now apply 1 to -1, pql, plq: hence pqlNpl or pqlNq 
or plq Np or plq N ql , which reduces to “ql R p1 or pl R qI,” because 
(qJq> = 1 and so (q/ql) = -1. Again (3.2), applied to pl , ql , gives 
(pl/ql) = 1 for all primes pl = 1 mod 4. But by $2 there exist pl such that 
(ql/pl) = -1, hence qI is a smaller bad prime than q, which contradicts 
the definition of q. This completes the proof of: 
(P/d = k/p). (3.4) 
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For q1 , q2 use -p, q1 , q2 with p chosen so that (qJp) = (q2/p) = - 1: 
then the conclusion 
m Nq2 or pq2 0, or -qlqz NP 
reduces to q1 R q2 or q2 R q1 , giving with (3.1): 
(q1h2) = -(q2/qd- (3.5) 
We note the changes when II is used in place of I: 1, qI , q2 gives 
(ql/q2) = 1 or (42/43 = 1, (3.1)’ 
while 1, p, q again yields (3.2). Use of 1, p1 , p2q gives (3.3), as did 1, p1 , 
-p8q above, and use of 1, ppl, qp2 shows that a bad q has (p/q) = 1 
for all p, as before. For the contradiction we need (n/q) = -1, we use 
1, pql , plq and proceed as above. Finally, (3.5) follows from the case 
P, 919 q2. 
4. THE QUADRATIC CHARACTER OF 2 
Use of Legendre’s Theorem with abc even can similarly be made to 
yield (2/p) = (- l)(P2-1)18. However, by using the Jacobi symbol one can 
derive this and the value for (-l/p) from the law 
(p/Q)(Q/p) = (-l)(P-l)cQ-1)/4 
for positive odd P, Q without common divisor. Since this follows easily 
from the reciprocity law for primes, it may be of some logical interest 
to see how the “Erganzungssatze” follow from the reciprocity law. First, 
(-l/P) = ((4P - 1)/P) 
= (-l)(P--1)/g (P/(4P - 1)) 
= (-1)(p--1)/2 (4P/(4P - 1)) 
= (-l)(P-1)/Z. 
For P = f 1 mod 8, let E = ( -1)(p-1)/2, so EP = 1 mod 8, and choose 
an integer n so that n2 - EP = 8Q, where Q is odd, positive and prime 
to P. Such n exist, since odd squares are congruent to 1 or 9 mod 16. Then: 
(2/P)(-l)(p-1’(Q-1’/4 = (8Q/P)(P/Q) 
= tn2/P)(ez2/Q) 
= (c/Q) 
= JO-l)/2 
= (-l)(P-l)(Q-u/4, 
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so (2/P) = 1. For P = f3 mod 8, let E = ( -1)(p+1)/2, so then 3cP = 1 
mod 8, and choose n so that n2 - 3eP = 8Q, where Q is odd, positive 
and prime to 3P. Then: 
(2/P)(- 1)(P-1)(o-1)/4 = (8Q/P)(P/Q) 
= W'X3~/Q) 
= E(Q-l)/2 (-l)(Q-1112 (Q/3) 
= (-I)(~-MQ-U/4 (e-l), 
since Q s -n2 mod 3. Hence (2/P) = -1 for P E &3 mod 8, 
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